Abstract -In this study, some mathematical relations have been derived for the useful parameters of fixed window functions in fractional Fourier transform (FRFT) domain. These reported expressions are also verified with the simulation studies. The FRFT provides an important extension to conventional Fourier transform with an additional degree of freedom by which these parameters of window functions can be controlled while inherent time domain behavior of the windows remains intact. The behavior of fixed windows on timefrequency plane has been varied by varying the FRFT order. The obtained variability in the window functions has been applied in the designing of FIR filters.
I. INTRODUCTION
Several applications of window functions have been reported in the fields of signal processing and communications, such as digital filter design, spectrum estimation, beam-forming, and speech processing [1] . The useful parameters of window functions for these applications include Half Main Lobe Width (HMLW), Normalized Band Width (NBW), Maximum Side Lobe Level (MSLL), and Side Lobe Fall of Rate (SLFOR). A concise analysis of these parameters and their properties has been presented by Harris [2] . In [2] , Harris has described time domain and frequency domain parameters of window functions. Frequency domain behavior of window functions has been studied by mapping the time domain window function in frequency domain using Fourier Transform (FT).
In this study, characterization of window function parameter has been carried out in fractional Fourier domain which is a generalization of the FT. The Fractional Fourier Transform (FRFT) with an additional adjustable parameter, FRFT order (a), makes it more flexible and is having numerous applications in many areas [3] [4] [5] , where as its implementation cost is at par with FT.
The continuous-time FRFT of a signal x (t) is given as [5] -
, Prior to this work, analysis of some window functions in FRFT domain has been carried out by Kumar et al. [6] , and it has been observed that the window parameters can be varied by changing the FRFT order. However, no mathematical relationships have been established between window parameters and FRFT order in [6] . It has been shown in [6] that when FRFT order is decreased from 1 to 0, the MSLL and SLFOR increase while HMLW decreases. Same methodology has been used earlier in [7] to tune the Transition Bandwidth (TBW) of Kaiser Window [2] and PC6 window [8] based FIR filters using FRFT. It has been shown in [7] that when the FRFT parameter is decreased the Transition Bandwidth (TBW) of the window based FIR filter decreases. Variations in the better TBW have been obtained without re-computation of filter impulse response coefficients. However, the applicability of this phenomenon has been demonstrated in [7] only for lower order FIR filters.
X u x t K t u dt
In this paper, analysis of rectangular (Dirichlet), generalized 2 -term cosine (Hanning / raised cosine / Hamming), Blackman and triangular window functions in FRFT domain has been reported. These windows fall in the fixed windows category. Relationships between window function parameters and FRFT order have been established. These relationships have been utilized in the design of fixed window based FIR filters.
The rest of paper is organized as follows: In Section-2 characterization of windows in FRFT domain has been carried out. Limiting values for the length of window functions, about which their NBW shrinks and expands, have been determined in Section-3. This analysis is based on the principle of uncertainty product for the window function [9] . The relationships established in previous sections have been used in Section-4 for the designing of FIR filters. Finally, the paper is concluded in Section-5.
II. CHARACTERIZATION OF WINDOW FUNCTIONS IN FRACTIONAL DOMAIN
The mathematical analysis of fixed windows in the FRFT domain has been carried out in this section to establish the relationships between window parameters and FRFT order. Plot shown in Figure 1 
A. Rectangular Window (RW)
The time domain expression for a RW is given as-
The FRFT domain expression W R (u) of RW (A1.4) has been included in Appendix-1.
The magnitude of W R (u) for this window is given by- The magnitude of MSLL has been obtained by substituting (7) in (4) as given by (8) It has been shown in [11, 12] that HMLW of RW is 0.81 times of NBW. Therefore, the HMLW in FRFT domain, u HR , can be expressed as-  The expressions for other fixed windows have been also obtained in FRFT domain by following the same methodology adopted in RW.
B. Generalized Hamming Window (GHW)
The GHW is defined in time domain as- The fractional domain expression of the GHW (A3.1) has been obtained by following the similar steps of RW and given in Appendix-3.
Since the NBW of GHW (u NH ) is twice that of NBW of RW (u RH ) [10, 13] . Therefore, using (6) u NH can be expressed as-  The expression for the MSLL in FRFT domain of GHW with b = 0.5 has been obtained by substituting (12) in (A3.1) and given by (A3.2).
It has been shown in [11, 12] that the HMLW is at the 0.935 and 0.955 times of NBW for b = 0.5 and 0.54 respectively. Therefore, it can be expressed in FRFT domain as-    
C. Blackman Window (BW)
The expression for the BW in time domain is given as- 
The expression for the BW (A4.1) in FRFT domain is given in Appendix-4.
Since the NBW of BW (u NB ) is thrice that of NBW of RW (u RH ) [10, 13] . Therefore, using (6) u NB can be expressed as-  The FRFT domain relationship for the MSLL of BW (A4.2) has been obtained by substituting (16) in (A4.1) and given in Appendix-4.
The position of HMLW for BW [11, 12] 
D. Triangular Window (TW)
The expression for the TW in time domain is given as- The position of HMLW of TW [11, 12] can be written as-  
III. UNCERTAINTY PRODUCT IN FRACTIONAL DOMAIN
It is easy to verify from that the FRFT holds an identity operator i.e. signal attains fully time domain behavior for a = 0 while it is conventional FT i.e. signal jumps into frequency domain completely for a = 1. If the FRFT order a lies between these two ranges signal will be composed of frequency and time components both. In FT domain, the NBW is having inverse relationship to the window length and the product of these two parameters remains constant for every window function. This property of window functions can be thought of as the uncertainty principle [9] according to which a function in time domain and its FT cannot both be highly concentrated. If the window length is small the NBW is large and at particular window length these two parameters become equal and further increment from this window length NBW becomes smaller than the window length. This property of window functions has been exploited in this work to analyze the behavior of windows for below and above of this particular window length in FRFT domain. It has been observed in simulation studies that the NBW shrinks for small window length and expands for large window length when the FRFT order is varied from 1 to zero because frequency plane moves toward time plane i.e. window length. Thus, the FRFT provides another parameter to vary the NBW without varying the window length.
It has been observed by simulation studies that the time spread of M zero padded discrete windows of length N equals to the main lobe width of window function at particular window length (limiting length, N) for a = 1. To find this limiting length N, time domain and frequency domain spread of RW has been shown in Figure 8 . 
IV. TUNING OF FIR FILTERS
The TBW of window based FIR filters is proportional to the filter order. Thus, it can be varied by the variation of filter order which needs the re-computation of the impulse response coefficients of the filter. An alternative FRFT based method to tune the TBW of these filters using ideal impulse response has been developed by Sharma et al. [7] which eliminates the recomputation problem. In this work, in place of ideal impulse response of the filter, realistic impulse response h(n) has been used and characteristics of FIR filter i. e. TBW, Stopband Attenuation (SBA) and Passband Ripple (PBR) are being varied by varying the frequency response of window function w(n) with the variation of FRFT order a. To obtain the filtered output in frequency domain the circularly convolved output of FFT of impulse response h(n) i.e. H(k) and FRFT of w(n) is multiplied by FFT of input signal x(n) i.e. X(k) as shown in Figure 17 . approximately, where f c is the cutoff frequency of the filter, and SBA and PBR increases if the filter order is less than (23) while behavior of these parameters becomes opposite if the order of filter is greater than (23). Theoretically, this happens because if the length of window is equal to (23) then the window spans in time domain and frequency domain are equal at FRFT order 1 while time span becomes less than frequency span and tends toward impulse function if the length of window is less than (23) when FRFT order decreases from 1 to 0 and it becomes vice versa for the window length greater than (23). This behavior of window functions is directly affecting parameters of FIR filters designed using these fixed window functions. Thus it can be said that parameters of windowed FIR filters can be tuned using FRFT up to the filter designed without windowing i. e. impulse response method without re-computing the filter coefficients. 
APPENDIX-1
The RW can be expressed in FRFT domain by using (1) as-
Substituting, {t-u sec (α)} = R and changing the limits of the integration of (A1.2), 
where, erfi (z) is an analytical function of z which is defined in the whole complex z-plane. 
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